The set of order (n + 1)(n + 2)=2 of Gaussian Type Orbitals g(n 1 ; n 2 ; n 3 ) of common n n 1 +n 2 +n 3 7, common center and exponential, is customized to de ne a set of 2n + 1 linear combinations t n;m (?n m n) such that each t n;m depends on the azimuthal and polar angle of the spherical coordinate system like the real or imaginary part of the associated Spherical Harmonic.
(Results cover both Hermite and Cartesian Gaussian Type Orbitals.) Overlap and kinetic energy matrix elements are presented for generalized basis functions of the type r s t n;m (s = 0; 2; 4 : : :). In addition, normalization integrals R jg(n 1 ; n 2 ; n 3 )jd Typeset using REVT E X I. SCOPE Gaussian Type Orbitals (GTO's) are widely used construction elements of basis sets in quantum chemistry. They became highly successful owing to fairly simple analytical representations of key integrals 1;2 that pay o in terms of speed when the matrix elements are calculated. This work deals with the conversion of Cartesian or Hermite GTO's which have a product representation in Cartesian coordinates into harmonic oscillator functions which have a product representation in spherical coordinates. The latter are orthogonal with respect to two quantum indices | the total number of integrals to be calculated is reduced by the overlap and kinetic energy integrals over products of orbitals with the same center.
Sect. II introduces part of the notation. Sect. III lists those linear combinations of Gaussians de ned in Cartesian coordinates that obtain the orthogonal property and are found to be the harmonic oscillator eigenfunctions. To extend coverage of the functional space, the oscillator functions are generalized in Sec. IV. Section V computes two-center overlap, kinetic energy and Coulomb integrals of those without recourse to the expansions in Cartesian coordinates. Absolute norms of orbitals play some role in Fitting Function techniques and are given in Sec. VI for the types of Gaussians discussed before.
II. TERMINOLOGY
Let g(n 1 ; n 2 ; n 3 ) n=2 H n 1 ( p x)H n 2 ( p y)H n 3 ( p z)e ? r 2 (1) be a primitive Hermite GTO (HGTO) with exponent and quantum number n n 1 +n 2 +n 3 centered at the origin. H n i are Hermite Polynomials and r 
(n+1)(n+2)=2 di erent g(n 1 ; n 2 ; n 3 ) exist for a given n. If 
The main result of this work is support to use of GTO's in systems with heavy or highly polarized atoms by reduction of the overcomplete sets to sets of 2n + 1 linearly independent combinations of GTO's.
III. COMPLETE SETS OF GAUSSIAN TYPE ORBITALS

A. Hermite Basis
Below, HGTO's are linearly combined into sets of real-valued functions t n;m (r; ; '; ) (?n m n) that display angular dependencies t n;m / Y m;c n ( ; ') for m 0 and t n;m / Y ?m;s n ( ; ') for m < 0 by way of construction (see Appendix A). Hence they are orthogonal 
The N nm follow each time after three dots and are easily derived from the expansion coecients given and the overlap integrals 3;7 Z g(n 1 ; n 2 ; n 3 )g(n 0 1 ; n 0 2 ; n 0 3 )d (n j + n 0 j ? 1)!! ; all n j + n 0 j even 0 ; any n j + n 0 j odd (12) )t n;m = (n + 3 2 ) h!t n;m : (17) B. Cartesian Basis
The previous list contains also the expansions in terms of Cartesian GTO's (CGTO's) as outlined in App. B. If each g(n 1 ; n 2 ; n 3 ) is replaced by the primitive CGTO of the same triple index, f(n 1 ; n 2 ; n 3 ) x n 1 y n 2 z n 3 e ? r 2 ; 
The normalization integrals are recovered from the Kronecker product of the vectors of the expansion coe cients and the overlap integrals ) This triple sum ist n; m up to a normalization factor that depends on n and m, and therefore (up to a di erent factor) also t n; m when f is replaced by g.
C. Rayleigh-Type Expansion
The expansion of a plane wave in terms of the t n;m reads e ik r = 2e ?
The closely related Cartesian case is written down by replacing t n;0 with (2 ) nt n;0 in Eq.
(26) for all n.
IV. GENERALIZED OSCILLATOR FUNCTIONS A. De nition
The basis of the t n;m de ned in the previous sections is incomplete with respect to the radial coordinate. 
All subsequent considerations assume that s is a non-negative even integer. (i) This ensures that t n;m;s is another linear combination of HGTO's, which is made explicit in App. D. Therefore a standard, indirect path of computing integrals is already established: linkage to known approaches 1 by dissociation of all t n;m;s in the integrands. (ii) The restriction leads to truncation of some series expressions that follow | important to numerical evaluation | whereas odd s would sometimes yield in nite series. (iii) s+n > ?3=2 is needed to guarantee convergence of the normalization integral, and (iv) the set of s = 0; 2; 4; : : : su ces to let the t n;m;s span the entire vector space of the GTO's.
The generalization of Eq. 
In case of common center (C = 0), the orthogonality relation In general, the number of terms in the sums is considerably smaller than the number of GTO pairs in the \dissociated" products. The focus shifts to e cient implementation of the y mm 0 lnn 0 in Eqs. (32){(38).
VI. ABSOLUTE NORMS
If GTO's represent orbitals or wave functions, their squares represent particle densities, and normalization follows from integrals like (2) or (11). The rst power rather than the second one speci es local densities, if these functions are the constituents of density tting functions. 15 The measure R g(n 1 ; n 2 ; n 3 )d 3 r = ( = ) 3=2 n;0 is generally zero and does not provide a useful substitute to Eqs. (2), (11) and (28) for that reason. The absolute norm as calculated below is the next simple alternative. It quanti es how many particles have to be moved from some region of space to others to realize the speci c density relocation, and becomes useful to qualify the relative importance of terms with products of expansion coe cients and the tting functions.
The integrated absolute value of g(n 1 ; n 2 ; n 3 ) is a product of three integrals, Z jg(n 1 ; n 2 ; n 3 )jd 
VII. SUMMARY
A set of basis functions has been de ned by recombination of HGTO's or CGTO's such that the members with common center are orthogonal and complete with respect to the angular variables. They turn out to be eigenfunctions of the isotropic harmonic oscillator. A speci c generalization of those allows (i) to keep the computational advantage of sparse overlap and kinetic energy integrals, (ii) backup by the tabulated GTO's in case of need for all integrals that are multilinear in the orbitals (2-particle Coulomb Integrals), still use of \direct" alternative formulas for overlap and kinetic energy integrals, and (iii) to maintain the vector space of functions covered by GTO's. 
of angular momentum quantum mechanics on Y m n yields Y m 1 n . Decomposition of the two equations L (t n;m + it n;?m ) / t n;m 1 + it n;?m 1 (A2) into 4 real-valued equations yields a similar recursion for t n;m . E ectively one applies (y@ z ? z@ y )g(n 1 ; n 2 ; n 3 ) = n 3 g(n 1 ; n 2 + 1; n 3 ? 1) ? n 2 g(n 1 ; n 2 ? 1; n 3 + 1); (A3) (x@ z ? z@ x )g(n 1 ; n 2 ; n 3 ) = n 3 g(n 1 + 1; n 2 ; n 3 ? 1) ? n 1 g(n 1 ? 1; n 2 ; n 3 + 1) (A4) term by term to a pair of equally normalized t n;m and t n;?m .
The quickest alternative to obtain the expansion is developed in App. C further down. 
The t n;m;s de ned in Eq. (27) refers to the case of integer Q = s(s+2n+1), integer p = s+n+1 and j = 0. Since the factor r s ( r) n in (27) may be written as a linear combination of the polynomials r p?1 1 F 1 () in Eq. (E2) and vice versa, the set of basis functions t n;m;s ( ; r) spans the same phase space as the set of (p) nmj ( ; r).
A computational advantage of the eigenfunctions (E2) is the orthogonality with respect to three indices manifested in Eq. (E6), whereas the t n;m;s are orthogonal with respect to n and m but not with respect to s see Eq. (40)], | consequence of the fact that the nmj are eigenfunctions of a xed potential and Hermite operator, whereas the various t n;m;s belong to di erent potentials (di erent Q). A disadvantage of the eigenfunctions (E2) is that their Fourier representation has rather complicated sets of polynomials replacing 1 F 1 () in Eq. (30), which takes negative e ect on the complexity of all formulas derived in Sect. V.
